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This problem set is due on Thursday 26th, October at 18:00. The solutions must be
submitted in a printed form. Please include all your codes in the solution.

1 Theory

1. (Maximum Likelihood Estimator) Let x1, ..., xn be an iid sample distributed as
N(µ, σ2),

a) Find the log-likelihood function.

b) Find the score function.

c) Find the MLE of µ and σ2.

d) Show that E(logLθ) = 0, where θ = (µ, σ2).

e) Find the Hessian.

f) Find the Hessian evaluated at θ̂.

g) How can we compute the variance of θ̂?

2. (SEM model estimated by OLS) Consider the following SEM model:

y = Xβ + u (1.1)
u = λWu+ ε (1.2)
ε ∼ N(0, σ2I) (1.3)

Show that the OLS estimates β̂ is unbiased, but inefficient.
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3. (Maximum Likelihood Estimation of SAC Model) Consider the following SAC
model with heteroskedastic errors:

y = ρW1y +Xβ + u (1.4)
u = λW2u+ ε (1.5)
ε ∼ N(0,Ω) (1.6)

The matrix Ω is the variance-covariance matrix of the error terms, which is as-
summed to be known a priori. For example, we can assume that:

Var(εi) = σ2i = z>i α (1.7)

or

Var(εi) = σ2i = exp(z>i α) (1.8)

or more general,

Var(εi) = σ2i = h(z>i α) (1.9)

where h(·) is any function, zi is a vector of covariates for each spatial unit, and α
is a vector of parameters with element αp, p = 0, 1, ..., P . Therefore, the diagonal
elements of the error covariance matrix Ω are:

Ωii = σ2i = hi(z
>
i α), hi > 0 (1.10)

Note that the model has 2 +K + P unknown parameters:

θ = (ρ,β>, λ,α>)>. (1.11)

a) Find the Log-likelihood function. Show every step.

b) Find the first order conditions. Show all your work.

4. (Extended SLM Model) Consider the model:

y = Xβ + ρ1W1y + ρ2W2y + u, (1.12)

where u has mean and VC matrix of 0 and σ2In, respectively, and W1 and W2,
are observed exogenous weighting matrices.

a) Obtain the likelihood function, and then determine the first order conditions
for β.

b) Assume that W1 and W2 are row-normalized. Give a condition which is
sufficient for the model to be solved for y in terms of X and ε.
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2 Applications in R

1. (ML programming) Now you have to program the ML estimation procedure for
Question 1 in R including the gradient and the hessian:

a) Create a function that returns the log-likelihood, the gradient and the Hessian.

b) Set the seed at set.seed(123), and generate a random variable x such that
x ∼ N(1, 22) for a sample of 100,000 individuals.

c) Show that your code for the ML can return the estimates very precisely. Use
maxLik package (and function) for the estimation procedure.

d) Show that the standard errors of the estimates can be computed using your
formula stated in question (1g).

e) Do the estimates and standard errors vary if we use different algorithms such
as Newton-Raphson, BHHH, or BFGS? Show this using your code.

2. (Monte Carlo) Consider the following DGP:

yi = α+ βxi + ui

ui = λ

n∑
j=1

wijuj + εi

εi ∼ N(0, 1)

(2.1)

where λ = 0.8, α = 0.5, β = 1 and xi ∼ N(0, 22). Using a Monte Carlo experiment,
show that the β̂OLS is unbiased, but inefficient. For experiment crreate 100 datasets
with 225 spatial units. Set the seed at 123.
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